
UNCLASSIFIED

Defense Technical Information Center
Compilation Part Notice

ADP013984
TITLE: Existence Theorems for Eigenoscillations in 3D Rectangular
Waveguides

DISTRIBUTION: Approved for public release, distribution unlimited

This paper is part of the following report:

TITLE: 2002 International Conference on Mathematical Methods in
Electromagnetic Theory [MMET 02]. Volume 2

To order the complete compilation report, use: ADA413455

The component part is provided here to allow users access to individually authored sections
f proceedings, annals, symposia, etc. However, the component should be considered within

-he context of the overall compilation report and not as a stand-alone technical report.

The following component part numbers comprise the compilation report:
ADP013889 thru ADP013989

UNCLASSIFIED



MMET* 02 PROCEEDINGS 671

EXISTENCE THEOREMS FOR EIGENOSCILLATIONS IN 3D
RECTANGULAR WAVEGUIDES

I.B. Yumov

East-Siberian State Technological University, Dep. of Math.
40-a Klyuchevskaya st., Ulan-Ude, 670013 Russia

E-mail: igyumov@mail.ru

ABSTRACT
The paper deals with the problem of eigenoscillations near the obstacle with the
arbitrary sufficiently smooth shape of boundary immersed in three-dimensional
waveguide of rectangular cross-section. Assumed that the guide and the obstacle are
rigid. For a wide range of the obstacle geometry the existence of eigenwaves has been
proved and their frequencies are embedded in the continuous spectrum.

INTRODUCTION
The investigation of eigenoscillations in unbounded waveguide regions is very
important in many physics fields. First of all, the interest to the given problem is
stipulated by the aeroacoustic resonance phenomenon the investigation of which is
actual, e. g. when turbomachines designing (gas, vapour and hydraulic turbines, pumps,
compressors), pipelines etc. (some experimental works review is in the paper[2]). A lot
of papers (we'll mention only some of them [1,4-6,8]) are devoted to the investigation of
eigenwaves in guide regions in two-dimensional case. The eigenwaves existence in
three-dimensional guide regions has been investigated less completely. Let's note the
paper [3] where the existence of the eigenoscillations being localized near sphere of the
sufficiently small radius being situated in the center of the waveguide with the constant
circular cross-section has been proved and also let's note the papers [7,9], where the
cases of the thin-shelled obstacles in waveguides have been considered.
In the given paper by using the variational principle the sufficient conditions of the
eigenwaves existence in three-dimensional waveguide with rectangular cross-section,
where the obstacle with sufficiently arbitrary geometry possessing some symmetry
conditions, have been obtained.

STATEMENT OF THE PROBLEM AND THE MAIN RESULTS

The domain Q0 is being considered:
Qo={(x,y,z)e R3: xe (-di,di),y E (-d 2,d2), z E R }, d1>0 (i=1, 2).

The bounded obstacle B is placed in it. This obstacle may be disconnected. According to
the obstacle type the following cases will be considered:
A. B is a compact set being bounded by the piecewise smooth surfaces and it is such

one that ý13(B)>0. (Here and further ji3 means k-dimensional measure). It is
supposed that B is symmetrical with respect to the plane y=O.

B. B is an infinitely thin plate with sufficiently smooth boundary, such one that
0<ý12(B)<co. It is supposed that B is situated in the plane y=0.

C. B is a compact set being bounded by the piecewise smooth surfaces and it is such
one that p3(B)>0. It is supposed, that B is symmetrical with respect to the planes x=0
and y=O.
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D. B is an infinitely thin plate with sufficiently smooth boundary which is situated in
the plane y=O and 0<[ 2(B)<oo. It is supposed, that OZ axis is a line of symmetry for
the obstacle B.

b

x

Fi2. 1.

Waveguide regions geometry is represented in figure 1.
We seek the non-trivial solution u(xy,z) of the boundary value problem for the
equation:

Au+Aiu=0 (2A>0) in Q=Qo\B., (1)

satisfying to the Neumann boundary condition on MQ:
U-0 (2)

and to the condition of finite energy:

E(u)~ JSJ(Iu U1±+V U12)df2<cc0. (3)

Here, ii is a vector of the external normal to MQ.
Further, we'll call the problem (1)-(3) as the problem N. Besides, we are going to
consider the problem NY' - the solution finding u`V(xy,z) of the boundary value problem
(1)-(3) which is odd in y for A and B cases, and the problem NY - the solution finding
U'(x,y,z) of the boundary value problem (1)-(3) which is odd in x and y for C and D
cases.
The parameter value k for which the non-trivial solution of the problem N (of the
problems NA'" and Nf correspondingly) exists is called the eigenvalue of the problem N
(of the problems N' and N' correspondingly). In addition, the self non-trivial solution is
called the eigenfunction of the corresponding problem.
It is known, that the Neumann Laplacian possesses a continuous spectrum [0,+ cc) for
the domain Q and the eigenvalues of the problem N (if they exist) turn out to be
embedded in the continuous spectrum. It is obvious that the eigenvalues of the problems
NYp and N' are the eigenvalues of the problem N.
Let us introduce the notations:

Q=" (x,y,z)eQ 0  xy>0, y >"0 B" = BnQ,

r'" = (2 " Q"0, ,'' m Qf".
0' 0~

The following lemmas are valid.
Lemma 1. The continuous spectrum of the problem N"' ( Na) is the semi-axis [A,, 2,,)+c)
([Aa 2 ,+c)) correspondingly), where Aqq2= rt2/4d2

2 , A, 2=TC2/4d, 2+7t2/4d 2
2.
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Lemma 2. Let

MJ~ V V IdQ
Ar,, a inf 0","

V1EHO'(n"P*) Jf dQ

Then Xo"P< AUP2 ( o0a•< Aa2 correspondingly). More over, if koup < A ( koa< Aa2

correspondingly), then kouP ( koa) is the lowest eigenvalue of the problem Nup (Na ),
and if kouP=AAp 2 (koa=Aa2), then the eigenvalues of the problem Nup (NA) do not exist
in the interval (-co,AUp2 ) ( (-oo A)2 ) correspondingly).
Using these lemmas, the existence of eigen waves has been proved.
Theorem. Eigenfunctions of the problem Nup exist:
in case A, if the following inequality holds:

jffcosd<Yj d> 0; (4)

in case B - exist always.
And the lowest eigenvalue kouP belongs to the interval (0, A~p2).
Eigenfunctions of the problem Na exist:
in case C, if the following inequality holds:

[•os -- l+ l-l-cos(fY -J -+ 2 j cosZ•flcosQLYj] dQ >0; (5)d2d, d d2 d) d d'

in case D - exist always.
And the lowest eigenvalue X 0a belongs to the interval (0, A)2).
Corollary. Eigenfunctions of the problem Na" exist in case A, if the obstacle B is
included in the set {(x, y, z) E-Qo: Iy I < d2/2 }. And the lowest eigenvalue kouP belongs
to the interval (0, Alp2).
Eigenfunctions of the problem Na exist in case C, if the obstacle B is included in the
set {(x, y, z)eQo: y <d 2/2, x <d,1/2 }. And the lowest eigenvalue koa belongs to
the interval (0, A)2).
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